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Introduction
The longitudinal motion of electron in the storage ring gives us an interesting example of a one-dimensional mechanical system. Due to the practical importance for the accelerator technology this system had been studied well many years ago and described in any accelerator textbook. From the other hand, this system is one of the simplest, like the hydrogen atom, or an electron in the electromagnetic trap. Therefore the exploration of the electron motion may be useful for the better understanding of some foundations of physics.
2
The closed equilibrium orbits
Consider the charged particle motion in the external periodic (in time) electromagnetic field. Sometimes one can find the periodic solution of the motion equations. For arbitrary fields it is impossible, but the magnetic systems of the cyclic accelerators are designed especially this way. The trajectory for this periodic solution is closed and is referred to as the equilibrium closed orbit.
In the time-independent magnetic field, neglecting the radiation loss, one typically can find one closed trajectory for any particle energy E . We will name this trajectory as the closed orbit. Starting with some initial conditions ( ) r p , on the closed orbit, the particle will return to this point of the phase space in the time interval T (the revolution period). One can choose one particular value of energy E 0 as the equilibrium energy and the corresponding closed orbit as the equilibrium closed orbit.
Typically for a slightly different energy E 0 + ε (and, correspondingly, different momentum p p 0 + ∆ ) one can also find a closed orbit. We will consider the simplest case when the scalar magnetic potential is antisymmetric about the horizontal plane. Then the magnetic field has only the vertical component B at this plane, and all closed orbits lie in this plane. Then the distance between a closed orbit and the equilibrium one is x p p ( ) ε η ≈ ∆ 0 . This equation defines the dispersion function η( ) s at each longitudinal (along the equilibrium orbit) coordinate s . As the trajectory of the particle with the energy deviation has different curvature 1
( e is the electron charge, c is the velocity of light, and R 0 is the curvature radius of the equilibrium orbit), it obeys the equation 
The energy dependence of the revolution period T may be expressed as:
where 
is referred to as the momentum compaction factor, Π is the orbit circumference, v is the particle velocity and γ ≡ E mc 2 is the relativistic factor.
is the effective voltage (the voltage at the short accelerating gap, which provides the same energy gain as real accelerating system).
Examples
1. Cylindrical RF cavity, TM 010 mode. . ϕ s is referred to as the equilibrium phase.
If it is constant (i. e. does not depend on i ), Eq. (9) has the solution ε ϕ ϕ
The particle, moving this way is called the equilibrium particle. Assuming a slow variation of variables ε and ϕ , and using the approximation
one can transform Eq. (9) to differential equations: ( )
The phase trajectories are the lines H const = . They are shown in Fig. 1 , which is the contour plot of the Hamiltonian. ( 1 5 ) where ψ ϕ ϕ = − s and
is referred to as the synchrotron frequency. The separatrix passes through the unstable rest point and therefore is described by the equation 
Now we can write down explicitly the small parameters, which we used to derive the equations for synchrotron oscillations (11) and (12). The approximation 
Damping
When the loss W depends on energy
the damping of the synchrotron oscillations appears. Eq. (11) will not be changed, but deriving from it the second order differential equation one will get the «friction» term:
where
. Therefore Γ is the damping decrement for small oscillations. It is almost obvious, as
is the compression of the phase space per one turn, and therefore the damping decrement for the phase volume (the square of the oscillation amplitude) is 1
For the loss, caused by the synchrotron radiation, , where x 1 is the particle distance from the closed orbit with the current energy E 0 + ε . As the radiation reaction force is directed along the particle velocity, its x -projection is ( ) 
Neglecting the contribution of x 1 , we get finally 
As the damping decrement is small, it is convenient to average it over the revolution period. Then 
where t is the time, when particle crosses the coordinate plane s , Ε s is the accelerating electric field, and the ultrarelativistic case is implied. Our treatment was less formal, as we use the fact, that one of these coupled oscillators (the longitudinal one) is much «heavier» and much slower than another (the transverse one). Thus, in this section we found approximately the normal modes of this linear system and their damping decrements.
Quantum excitation
In the preceding consideration we did not take into account the quantum feature of the synchrotron radiation emission. The self-consistent theory of this phenomenon does not exist now. Therefore we will use the quasi-classical approach 1 , in which an electron emits instantaneously the portions of energy (photons at frequency ω ) hω ( h is the Planck constant) within frequency interval 
Assuming that the average energy of light quanta is much smaller than the energy spread of electrons, one can use the Taylor expansion:
The first term corresponds to the classical radiation reaction force, as it changes the factor at ∂ ∂ ε
. Integration over the revolution period and expansion over the energy deviation ε returns the previous notations:
Including the first term to the Hamiltonian part of the force one can return to the 
The energy diffusion constant D can be directly calculated:
The energy dependence of D is weak enough and will be neglected below. As the longitudinal motion is slow, one can use period-averaged value The phase distribution is proportional to
Horizontal emittance growth
When the electron emits a photon, it looses energy ∆E = hω instantaneously. As the most of photons are emitted forward into the 1 γ cone, the transverse kick is relatively small. But, as the energy is changed, the particle will oscillate around a different closed orbit with the initial conditions , ′ and ∆E gives the new horizontal emittance 
The experiments with a single electron
In the previous sections the theory of the single-particle dynamics was discussed. The experiments with a single electron [2] [3] [4] where performed recently at the Budker Institute of Nuclear Physics. The motivation for these experiments was the lack of the self-consistent understanding for the quantum excitation phenomenon. The emission of radiation is described as the sequence of the acts of the momentary emission of photons with definite energy. Therefore the electron looses the portion of energy hω momentary at some particular moments of time. This is inconsistent with the uncertainty relation ∆ ∆ ω t > 1 . Moreover, in the quantum electrodynamics (as in the classical one) the interaction of the electron with the radiation field is continuous and described with the continuous equations, which do not include any «jumps». The conventional quantum theory way of thinking in terms of the wave packet reduction during the measurement is not directly applicable here. The emitted radiation certainly may give one some information on the electron state. Nevertheless, it is not the macroscopic measurement device, but the inherent part of the whole quantum system. The formation length of the synchrotron radiation R γ is typically much less than the lengths of bending magnets (and even of their edges) and betafunctions. Therefore one can use the classical spectrum to calculate the emission probability, as in the Eq. (34). The weakness of this approach becomes clear when one tries to calculate the time dependence of the energy spread for electrons, moving in a long (or even a half-infinite) undulator. In this case the spectrum formation length is the total length of the undulator, but the probability of the emission at some particular point can depend only on the distance from the undulator entrance (due to causality) and therefore can not be expressed through the spectral intensity. The layout of the experiment is shown in Fig. 2 . The electron circulates in the storage ring. In one of the straight line sections the long undulator is installed. The undulator radiation emitted by the electron comes to the fast photomultiplier. The master oscillator of the storage ring RF generator gives the reference pulses with the revolution frequency 4 MHz. The time delay between the photocount and the next reference pulse is measured. The time dependence of this delay is shown in Fig. 3 . The synchrotron oscillations with frequency near 1 kHz are seen clearly. The outliers correspond to the noise of the photomultiplier. Typically one sample consisted of tens thousand events was picked during a few seconds. The damping time of synchrotron oscillations was about 0.1 second. The obtained long time sequence was divided to the pieces with optimal duration (few periods of synchrotron oscillations). The amplitude and phase of the sine function were found by the least square fitting for each such piece. After that the outliers (the points, which deviated from the fitting curve more than two standard deviation) were eliminated and the fitting was repeated. Two such iterations were enough to eliminate all the outliers. Thus, the time sequences of amplitudes and phases of synchrotron oscillations where obtained. After that the average synchrotron frequency Ω was defined and the regular component Ω t was subtracted from the phases. The resulting sequence of amplitudes and slow phases plotted in the polar coordinates are shown in Fig. 4 and Fig. 5 . They demonstrate the Brownian motion of an electron in the longitudinal phase plane.
These results are the direct experimental evidence of the existence of the random force, applied to an electron. The observation of the motion of two electrons simultaneously was also done. It was shown, that the forces, which act on two electrons, are almost uncorrelated, i. e. the contribution of «technical» noises (in the RF and the magnetic systems of the storage ring) to the random force is negligible.
The curves in Fig. 4 and Fig. 5 look continuous. It demonstrates both high resolution of the measurements and good space localization of an electron. The last circumstance is not obvious. The synchrotron oscillations are significantly nonlinear: their frequency depends on amplitude. Therefore the regular rotation is seen at large and small amplitudes in Fig. 4 . For the quantum nonlinear oscillator the amplitude spread is always nonzero (according to the uncertainty relation) and therefore the phase spread increases linearly in time. It is similar to the increase of the wave packet coordinate spread in the free space. An electron may exist in a storage ring for several hours. Therefore one could expect its wave function to be independent on the phase of the synchrotron oscillations. The experiment shows that the phase localization of an electron is fairly good, and the phase changes very slowly due to the interaction with electromagnetic radiation field. The possible cause of the localization is the interaction with the radiation field, which acts like the continuous measurement. Unfortunately, a rigorous quantum calculation of the electron motion in a storage ring does not exist now.
Another interesting feature of the electron motion is that it is «true random». There are no hidden degrees of freedom in unknown states, like the coordinates and velocities of molecules for the conventional Brownian motion. An electron certainly interacts with the set of field oscillators, but their initial states are known; in other words, electron interacts with the thermal bath at zero temperature. One can predict the Brownian motion of small macroscopic particle, using the information on the motion of the surrounding molecules. In contrary, one can not predict, even in principle, the random motion of an electron.
